The influence of electron-phonon interaction on magnetotransport in two-dimensional electron systems under microwave irradiation is studied theoretically. Apart from the phonon-induced resistance oscillations which exist in the absence of microwaves, the magnetoresistance of irradiated samples contains oscillating contributions due to electron scattering on both impurities and acoustic phonons. The contributions due to electron-phonon scattering are described as a result of the interference of phonon-induced and microwave-induced resistance oscillations. In addition, microwave heating of electrons leads to a special kind of phonon-induced oscillations. The relative strength of different contributions and their dependence on parameters are discussed. The interplay of numerous oscillating contributions suggests a peculiar magnetoresistance picture in high-mobility layers at the temperatures when electron-phonon scattering becomes important.
I. INTRODUCTION
Studies of high-mobility two-dimensional (2D) electron systems in weak perpendicular magnetic fields B reveal several kinds of magnetoresistance oscillations which are caused by the scattering-assisted electron transitions between different Landau levels and survive increase in temperature T , in contrast to Shubnikov-de Haas oscillations. Most of attention is paid to the microwaveinduced resistance oscillations (MIRO) which appear under steady-state microwave (MW) irradiation of 2D electron gas. 1 The MIRO periodicity is determined by the ratio of the radiation frequency ω to the cyclotron frequency ω c , while the amplitude is governed by the radiation power. As the power increases, MIRO minima are spread into intervals of zero dissipative resistance known as "zero-resistance states". 2, 3, 4 The basic theoretical consideration 5−9 of MIRO involves the picture of transitions between broadened Landau levels under elastic scattering of electrons by impurities or other inhomogeneities in the presence of MW excitation, when electrons absorb or emit radiation quanta. As a consequence of these transitions, both the electron scattering rate and the electron distribution function acquire oscillating components which lead to magnetoresistance oscillations. The corresponding contributions are often described in terms of "displacement" 5, 6, 7 and "inelastic" 8, 9 microscopic mechanisms of MIRO, respectively. The above terminology emphasizes that the scattering-assisted MW absorption gives rise to spatial displacement of electrons along the applied dc field, while the modification of the distribution function is controlled by inelastic relaxation of electrons. Consideration of these mechanisms satisfactory explains both the periodicity and the phase of MIRO observed in experiments, as well as their power and temperature dependence. 10, 11, 12 Inelastic scattering of electrons by acoustic phonons makes possible the phonon-assisted transitions of electrons between Landau levels. The probability of such transitions is maximal when the phonon momentum is close to the Fermi circle diameter, 2p F . This leads to a special kind of magnetophonon oscillations also known as phonon-induced resistance oscillations (PIRO), 13−17 whose periodicity is determined by commensurability of the characteristic phonon energy with cyclotron energy. In GaAs quantum wells with very high mobility (∼ 10 7 cm 2 /V s), these oscillations are visible already at T = 2 K, 17 while in the samples with moderate mobilities (∼ 10 6 cm 2 /V s) they are well seen at T = 10 − 20 K.
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A theoretical description of PIRO assuming interaction of 2D electrons with anisotropic bulk phonon modes and showing a good agreement with experimental data has been presented recently.
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Both MIRO and PIRO are observed in the same interval of magnetic fields, B < 1 T, and have comparable periods. Therefore, it is interesting to study the interplay of these remarkable oscillating phenomena. In other words, one may pose a question: what happens with magnetoresistance of the sample which shows PIRO if this sample is irradiated by microwaves? More generally, there exists an important problem of the influence of electron-phonon interaction on MW-induced magnetoresistance. Some aspects of this problem have been considered previously. First, it is well established that increasing MW power leads to heating of the electron system, especially in the samples with lower mobility. The effective electron temperature T e is determined by the power transmitted from electron system to the lattice via electron-phonon interaction. 19 The heating causes a suppression of MIRO amplitudes 11, 20, 21 for two main reasons: the enhancement of Landau level broadening and a decrease of the inelastic scattering time. In this sense, a consideration of electron-phonon interaction becomes necessary for description of MW photoresistance at elevated MW power. Further, as shown theoretically, 22, 23 there is a direct influence of electron-phonon scattering on the photoresistance: this scattering in the presence of MW excitation can give rise to pronounced magnetore-sistance oscillations whose behavior is different from that of the case of impurity-assisted transport. A consideration of electron-phonon interaction as a possible reason for the absolute negative resistivity and zero-resistance states has been also presented. 23 The aim of this paper is to give a consistent theoretical description of magnetotransport under MW irradiation in the presence of both elastic and phonon-assisted electron scattering. It is demonstrated that the magnetoresistance has contributions of MIRO, PIRO, and the terms corresponding to interference of these types of oscillations. Apart from this, heating of electron system leads to an additional PIRO contribution which is shifted by phase with respect to equilibrium PIRO. Superposition of all these contributions gives rise to a complicated oscillating resistivity picture which is essentially different from either equilibrium magnetoresistance or MWmodified magnetoresistance under elastic scattering only. The analytical expression for magnetoresistance is obtained by assuming weak excitation, when the response is linear in MW power.
The paper is organized as follows. Section II describes the quantum Boltzmann equation for the system of 2D electrons interacting with impurities and phonons in the presence of microwaves. Section III is devoted to calculation of electron distribution function and resistivity. Section IV contains numerical results based on the expressions derived in Sec. III, description of different contributions to oscillating magnetoresistance, a discussion of the approximations used, and a brief conclusion.
II. GENERAL FORMALISM
In the region of weak magnetic fields, when the cyclotron energy is small in comparison with the Fermi energy, it is convenient to calculate the resistivity by using the quantum Boltzmann equation for the generalized Wigner distribution function f εpt , which depends on energy ε, quasiclassical 2D momentum p and time t. The coordinate dependence of this function is omitted, since only spatially-homogeneous 2D systems are under consideration. To take into account the influence of MW radiation and dc excitation on 2D electrons, one may use a transition to the moving coordinate frame (see Ref. 9 and references therein), when the MW and dc field potentials are transferred to the collision integrals and do not appear in the left-hand side of the kinetic equation. The scattering of electrons by impurities and phonons is treated within the self-consistent Born approximation (SCBA), which assumes that both the mean free path of electrons and the magnetic length are larger than the correlation lengths of the corresponding scattering potentials. Then, the quantum Boltzmann equation takes the form
where J im , J ph , and J ee are the collision integrals for electron-impurity, electron-phonon, and electron-electron scattering, respectively. They are written as
where κ is the index of corresponding interaction (im, ph, or ee). Throughout the paper, the system of units with = 1 is used. The distribution function in the double-time representation, f t1,t2 (p), is related to the Wigner distribution function f εpt by the Wigner transformation, which is defined for arbitrary function A as A εpt = dτ e iετ A t+τ /2,t−τ /2 (p). The Keldysh selfenergies are described by the following expressions:
and
× dp
The retarded and advanced self-energies, Σ (κ)R and Σ (κ)A , can be expressed as
where
The quantities entering Eqs. (3)-(9) are described below. First, G −+ t1,t2 (p) is the Keldysh Green's function for electrons, which is related to f t1,t2 (p) as 
is the Keldysh Green's function for phonons:
where 
The retarded and advanced Green's function of phonons are expressed as
The retarded Green's function of electrons depends on the magnetic field B and satisfies the equation
where m is the effective mass of electrons. The equation for the advanced Green's function G A differs from Eq. (14) only by a replacement of the superscripts R with A. The integral on the right-hand side of Eq. (14) describes the influence of impurity scattering on the energy spectrum of 2D electrons in the magnetic field (the influence of other kinds of interaction on the electron spectrum is neglected here).
The electron-impurity interaction in Eqs. (3) and (7) is described by the Fourier transform of the random potential correlator, w(q). The interaction with phonons [Eqs. (4) and (8)] is considered under approximations of equilibrium phonon distribution and bulk phonon modes. The influence of electron-phonon interaction on the phonon spectrum is neglected. The phonons are characterized by the mode index λ and three-dimensional phonon momentum Q = (q, q z ). The squared matrix element of electron-phonon interaction potential is represented as M λQ = C λQ I(q z ), where
is determined by the confinement potential which defines the ground state of 2D electrons, |0 , and the function C λQ is determined by both deformation-potential and piezoelectric mechanisms of interaction:
Here D is the deformation potential constant, h 14 is the piezoelectric coupling constant, and ρ M is the material density. The sums are taken over Cartesian coordinate indices, e λQi are the components of the unit vector of the mode polarization, and the coefficient κ ijk is equal to unity if all the indices i, j, k are different and equal to zero otherwise. The polarization vectors and the corresponding phonon mode frequencies are found from the eigenstate problem
where K ij (Q) is the dynamical matrix and δ ij is the Kronecker symbol. For cubic crystals and in the elastic approximation, the dynamical matrix is expressed through three elastic constants which are written in the conventional notations:
The 2D vector R t1t2 standing in the exponential factors in Eqs. (3), (4), (7) , and (8) includes both the term with dc field E = (E x , E y ) and the MW-induced term which depends on the frequency ω and amplitude E ω of the MW field strength. It is convenient to use R ± = R x ± iR y given by
, where E ± = E x ± iE y . The form of the complex coefficients s ± depends on polarization of the radiation. In the case of linear polarization (used for the calculations below),
while in the case of circular (−) polarization s + = 0 and
Here ω p is the radiative decay rate which determines the cyclotron line broadening because of electrodynamic screening effect. 24, 25, 26 Under usual experimental conditions, when the electromagnetic radiation is normally incident from the vacuum on the sample with dielectric permittivity ǫ, and 2D electron layer is close to the surface of the sample, one can find
and n s is the sheet electron density. It is assumed that ω p is much larger than the transport scattering rate of electrons, this condition is amply satisfied for high-mobility electrons. In contrast to J im and J ph described above, the electron-electron collision integral J ee is not affected by the external fields. In Eqs. (5) and (9) the "exchange" Coulomb terms in the self-energies are neglected, since the main contribution to the electron-electron collision integral at low temperatures comes from small-angle scattering. The dynamical screening effects are also neglected. The statically-screened 2D interaction potential is written as
where q 0 = 2e 2 m/ǫ is the inverse screening length. Having solved the kinetic equation (1), one can find the dissipative current density j, averaged over the period t ω = 2π/ω of the microwaves:
The current can be also expressed through the distribution function f εpt with the aid of Eq. (10). The factor of 2 in Eq. (21) accounts for the spin degeneracy of electrons (the Zeeman splitting is neglected).
III. CALCULATION OF RESISTIVITY
It is assumed in the following that the temperature T is small in comparison with the Fermi energy ε F . Therefore, all the quantities whose dependence on the absolute value of electron momentum is slow can be taken at p ≡ |p| = p F , where p F is the Fermi momentum related to the sheet electron density n s as p F = √ 2πn s . Accordingly, instead of the function f εpt , one may use the distribution function f εϕt which is equal to f εpt at p = p F and depends on the angle ϕ of the quasiclassical momentum in the 2D plane. The absolute value of the momentum q = p − p ′ transferred in the elastic scattering by impurities is then given by q = 2p F sin(θ/2), where θ = ϕ − ϕ ′ is the scattering angle. In a similar way, since the characteristic phonon energy ω λQ is small compared to the Fermi energy, the electron-phonon scattering is treated in the quasielastic approximation, with
The angle of the vector q is given by ϕ q = π/2 + φ, where φ = (ϕ + ϕ ′ )/2. Another approximation used below is the neglect of temporal harmonics of the distribution function f εϕt . Strictly speaking, excitation of such harmonics by microwaves can contribute to the dc current through the processes of second order in interaction, which leads to the so-called "photovoltaic" mechanism of MW photoresistance. 9 According to theoretical estimates, this contribution is not large, and since no experimental evidence for the importance of the photovoltaic mechanism has been found, its neglect is justified. In the approximations described above, Eq. (1) is reduced to a stationary kinetic equation for time-independent distribution function f εϕ :
The collision integrals standing here are calculated by using the equations of Sec. II (for transformation of electron-impurity collision integral, see also Refs. 9 and 27). This leads to the following expressions:
The rate ν(θ) characterizing the impurity scattering is defined as ν(θ) = mw[2p F sin(θ/2)], and the quantities ω λQ and M λQ are expressed through the variables q z , θ, and φ as described above. Next, J n (β) is the Bessel function, and D ε = m −1 dp
is the density of electron states expressed in units m/π (so D ε = 1 at B = 0). In the presence of magnetic field (ω c ≪ ε F is assumed), the SCBA leads to the form
where τ q is the quantum lifetime of electrons and L are the Laguerre polynomials. In the following, the case of overlapping Landau levels corresponding to weak magnetic fields is considered. The density of states is then given by the expression D ε = 1 − 2d cos(2πε/ω c ), where d = exp(−π/ω c τ q ) is the Dingle factor, and τ q is the quantum lifetime of electrons due to impurity scattering: τ
= ν(θ) (here and below, the line over the function denotes the angular averaging (2π) −1 2π 0 dθ...). The angular-dependent variables β and γ standing in Eqs. (23) and (24) are proportional to the MW and dc fields, respectively:
and (27) where v F = p F /m is the Fermi velocity. It is convenient to expand the distribution function in the angular harmonics: f εϕ = k f εk e ikϕ . The density of dissipative electric current is determined by the k = 1 harmonic. Applying the usual notation j ± = j x ± ij y , one has
In the regime of classically strong magnetic fields, the anisotropic (k = 0) part of the distribution function is expressed through the isotropic (angular-independent) part f ε ≡ f ε,k=0 directly from Eq. (22), by neglecting the angular dependence of all distribution functions in the collision integrals (23) and (24) . The collision integral J ee does not lead to angular relaxation of the anisotropic distribution and, therefore, does not contribute to such a solution. A subsequent linearization of the collision integrals (23) and (24) with respect to the dc field E allows one to find a linear response to this field in Eq. (28) . The response to E − defines the symmetric part of the diagonal conductivity, j − = σ d E − , where (30) and
The resistivity ρ is expressed as ρ ≃ σ d /σ 2 ⊥ , where σ ⊥ = e 2 n s /mω c is the classical Hall conductivity. In the absence of MW radiation, when β = 0, one should substitute in Eq. (29) 
2 = 0 for n = 0, and take into account that f ε is the equilibrium Fermi distribution function. Then, using
one obtains the expression for the linear resistivity of 2D systems. The phonon-assisted contribution, which is proportional to the factor R ph ε0 , in this case is given by Eqs. (8) and (9) of Ref. 18 .
The MW excitation leads to a significant modification of the resistivity. First, one should consider in Eq. (29) the terms with nonzero n, corresponding to absorption of n quanta of radiation. Next, it is necessary to account for the changes of electron distribution function f ε owing to this absorption. This modified distribution function is found from the isotropic kinetic equation
The collision integrals J im ε and J ph ε are given by Eqs. (23) and (24), where γ = 0 and only the isotropic part of the distribution function is retained (since the anisotropic part is small, f εϕ ′ ≃ f εϕ ≃ f ε ). The isotropic electronelectron collision integral is given by 8,27 (33) and the function A εε ′ (Ω) is estimated as A ≃ (2πε F ) −1 ln(q 0 /q 1 ), where q 1 is a characteristic (small) momentum separating the ballistic and diffusive regimes of electron-electron scattering; see Ref. 8 for a more detailed consideration. This energy-independent form of A is valid in the experimentally relevant region of temperatures, where the transferred momentum q ∼ T /v F lies in the interval q 0 ≫ q ≫ q 1 .
Below, only the terms linear in MW power are taken into account. Following the basic idea of Ref. 8 , the distribution function is presented in the form
where f e ε slowly varies with energy on the scale of ω c , and δf ε oscillates with the period ω c . The function f e ε differs from the equilibrium Fermi distribution because of the influence of microwaves and satisfies Eq. (32) where the oscillating contribution to the density of states is neglected, D ε = 1.
One should notice that the electron-electron scattering is stronger than electron-phonon scattering and controls the electron distribution if the MW intensity is not high. Thus, the function f e ε can be reasonably approximated by the heated Fermi distribution characterized by the electron temperature T e . This temperature is determined from the balance equation
where W a is the MW power absorbed by the electron system and W r is the power transmitted out of this system through the energy relaxation owing to electron-phonon scattering. The balance equation can be obtained by integrating the kinetic equation (32), multiplied by the energy and density of states, over energy ε. This leads to the following expressions:
where ν tr im = ν(θ)(1 − cos θ) is the transport rate of electrons due to electron-impurity scattering and
is the dimensionless function proportional to MW power. The rate
characterizes energy absorption due to electron-phonon scattering. The integral operators S n are defined as
where A is an arbitrary function which depends on the variables of integration. The function N 
Assuming T e /T −1 ≪ 1, one gets W r ∝ T e −T . According to the balance equation (35) , this means that the heating is directly proportional to the MW power. Since only the contributions linear in power are considered, the relation T e /T − 1 ≪ 1 must be satisfied. In this approximation, the balance equation is rewritten as
where the energy relaxation rate ν r ph is introduced by the expression
The function F (ω λQ /2T ) can be also expressed through the Planck's distribution,
. In the hightemperature limit, when 2T e ≫ ω, ω λQ , the dependence W r ∝ T e − T takes place even at high MW power. In this limit, ν a ph (ω) becomes frequency-independent and coincides with the transport rate due to electron-phonon scattering. This rate is defined as
Once the distribution function f e ε is known, one can find the rapidly oscillating correction δf ε from the oscillating (proportional to the Dingle factors) part of Eq. (32) . This leads to the following expression
and δD ε = D ε − 1 = −2d cos(2πε/ω c ). The inelastic scattering time τ in , which describes relaxation of the isotropic part of the distribution function due to both electron-electron and electron-phonon scattering, is defined as 1/τ in = 1/τ ee + 1/τ ph . The electron-electron scattering contribution has been widely discussed in the literature 8, 27, 28 . The result for the electron-phonon scattering contribution is
In derivation of this expression, the integrals S 0 {(2N ω λQ + 1) exp(±2πω λQ /ω c )} containing rapidly oscillating factors are neglected, which allows one to consider only the outscattering contribution in the collision integral. At high temperatures, 2T > ω λQ , energy dependence of τ ph becomes inessential. For typical parameters of GaAs quantum wells, 1/τ ph is small in comparison to 1/τ ee , so τ in ≃ τ ee . According to Eq. (44), the function δf ε is composed from three terms: the first one is caused by electron-impurity scattering, while the two other terms are due to electron-phonon scattering. The second term does not oscillate with MW frequency and exists owing to electron heating. The third term is directly proportional to MW power and, in this sense, is analogous to the first term. Since only the effects linear in MW power are considered, the saturation 8,9 of δf ε is neglected. Strictly speaking, this approximation also requires a neglect of heating in the third term on the right-hand side of Eq. (44), because accounting for T e = T would produce the contributions of higher orders in MW power in this term.
Having found the distribution function, one can calculate the resistivity from Eqs. (29)
-(31). It is written as
where ρ e and δρ are caused, respectively, by the components of the distribution function f e ε and δf ε . Consider first the modifications of resistivity associated with the function f e ε . The heated Fermi distribution f e ε is substituted into Eqs. (30) and (31), and only the terms linear in MW power are retained (n = 0, ±1). The integral over ε in Eq. (29) is calculated under the approximation
when the Shubnikov-de Haas oscillations are thermally averaged out. The result of this integration can be divided into 5 parts:
Two of these terms come from impurity-assisted (index im) scattering, the first one is the resistivity without irradiation, and another one is a well-known 8,9,27,28 MWinduced correction which describes MIRO due to displacement mechanism of photoresistance:
where ν * im = ν(θ)(1 − cos θ) 2 . This rate can be also expressed through the angular harmonics ν k of the elastic scattering rate ν(θ) as ν * im = (3ν 0 − 4ν 1 + ν 2 )/2. The phonon-assisted (index ph) contribution comprises three terms. The first is described as the phonon-assisted resistivity modified by heating:
Here and below,
The term ρ 0 ph does not oscillate as a function of ω. In the limit T e = T it is reduced to the resistance ρ ph calculated in Ref. 18 . The part of ρ 0 ph proportional to the squared Dingle factor describes PIRO modified by heating (note that H λQ (0) is nonzero only at T e = T ). The second phonon-assisted term is the MW-induced "classical" photoresistance, which is not related to quantum oscillations of the density of states and, therefore, does not oscillate with the magnetic field:
This term essentially requires inelastic scattering: a formal limiting transition ω λQ → 0 makes ρ cl ph equal to zero. Therefore, ρ cl ph has no analogue in the impurity-assisted tansport. The contribution (55) is strongly suppressed with decreasing frequency ω and increasing temperature T . Finally, the third phonon-assisted term can be attributed to the displacement mechanism of MW photoresistance:
In contrast to the impurity-assisted contribution ρ dis im , this term contains oscillating functions of (ω λQ ± ω)/ω c describing interference of MIRO and PIRO.
The next step is to consider the terms associated with the oscillating part of the distribution function, δf ε , generated by microwaves. Taking into account that δf ε is proportional to MW power, one should retain only the terms with n = 0 in Eq. (29) . As a result,
where δR im ε and δR 
(59) The integration over energy in Eq. (57) is done with the aid of Eq. (44) for δf ε and under the approximation (48). The result for δρ appears to be rather complicated. It is presented below in a simplified form omitting the terms quadratic in electron-phonon scattering contributions:
This form is valid under the condition ν 60) is the impurity-assisted scattering contribution. 8 The second one is the phononassisted scattering contribution which is caused by heating and does not oscillate with MW frequency. The third one (proportional to P ω ) is the phonon-assisted scattering contribution showing interference of MIRO and PIRO. Since only the terms linear in MW power are considered, the functions F and H in Eq. (60) should be taken at equilibrium, T e = T . The same statement concerns Eq. (56).
The results are considerably simplified under the condition 2T ≫ ω. In this case one can write a general expression for the whole resistivity (47), which includes also the terms omitted previously in Eq. (60). It is convenient to represent the resistivity as a sum
where the background (non-oscillating) part is
and the oscillating part includes four terms:
The phonon-assisted transport rate ν 
As seen from this definition, oscillations of ν ) ph ). The direct influence of microwaves on magnetoresistance is described by the second and the third terms in Eq. (63), which are proportional to P ω . These terms express contributions of the displacement and inelastic mechanisms of photoresistance, respectively. Their frequency dependence is given by the same oscillating functions as in the case of impurity-assisted transport, 8, 9, 27, 28 while the scattering rates are modified by electron-phonon interaction: ν * im → ν * im + ν 63) has no analogue in the theory of impurity-assisted magnetotransport. It is proportional to T e − T and can be described as a result of MW heating on phonon-assisted magnetoresistance. This term does not oscillate with frequency ω but it oscillates with the magnetic field, similar to the equilibrium magnetoresistance. The phase of these oscillations is shifted with respect to the phase of equilibrium PIRO. Notice that the heating factor T e /T − 1 is expressed through P ω with the aid of Eq. (41), so the whole MW-induced correction to ρ is proportional to P ω .
IV. NUMERICAL RESULTS AND DISCUSSION
As follows from the above consideration, quantum oscillations of resistivity in 2D electron layers irradiated by microwaves demonstrate a rich and complicated behavior if electron-phonon interaction is taken into account. The absorption of microwaves in the presence of this interaction leads to the appearance of various additional oscillating contributions to magnetoresistance, Eq. (63). These contributions are similar to equilibrium PIRO in the sense that their periodicity depends on characteristic phonon frequencies ω λQ with Q = 2p F . However, they are essentially non-equilibrium and some of them (those entering the last term of Eq. (63)) have a phase different from that of equilibrium PIRO. The non-equilibrium phonon-induced contributions entering the second and the third term of Eq. (63) show the periodicity determined by combined frequencies such as ω ± ω λQ and correspond to the interference of PIRO and MIRO.
To illustrate the influence of microwaves on magnetoresistance and to compare contributions of different terms in Eq. (63), numerical calculations have been carried out. The sample parameters are taken for [001]-grown GaAs quantum wells of high mobility (1.17 × 10 7 cm 2 /V s at low temperature) experimentally investigated in Ref. 17 without MW excitation. The list of parameters necessary for description of electron-phonon interaction can be found in Ref. 18 . The inelastic scattering time was estimated according to the relation
where λ in is a numerical constant of order unity. For calculations, λ in = 1 was chosen, which is consistent with experimental data. 29 The rate ν * im characterizing the displacement mechanism of photoresistance under impurityassisted scattering has been calculated with the aid of the model of long-range random impurity potential described by the correlator w(q) ∝ exp(−l c q). The correlation length, l c ≫ p MW-induced contributions to ρos at Eω = 3 V/cm: displacement mechanism, second term in Eq. 63 (green, curve 1), inelastic mechanism, third term in Eq. 63 (magenta, curve 2), non-equilibrium PIRO, fourth term in Eq. 63 (orange, curve 3). The contribution due to elastic impurity scattering (MIRO) is shown by black dashed line. Figure 1 shows the oscillating part of resistivity at a lattice temperature of 6 K without microwaves (in equilibrium) and under 135 GHz excitation whose intensity is determined by the MW electric field E ω . For the chosen frequency, the increase in intensity leads to enhancement of PIRO maxima at 0.12 and 0.18 T, while the maximum at 0.3 T is suppressed and eventually inverted, and two additional maxima appear at its sides. The inversion of this PIRO peak cannot be explained as a result of simple superposition of phonon-induced and MW-induced oscillations and is attributed to interference of these kinds of oscillations, as reflected in Eq. (63). The lower panel of Fig. 1 shows relative contributions to the oscillating resistivity. Apart from the impurity-induced contribution (MIRO), this plot shows the total contribution of displacement mechanism, inelastic mechanism, and non-equilibrium PIRO. All these contributions are comparable, though the inelastic mechanism contribution is smaller than the others in the region around 0.3 T. The B-dependence of this contribution closely follows the MIRO plot, showing slight deviations caused by phononinduced oscillations. In contrast, such deviations are very pronounced in the displacement mechanism contribution (see, for example, peak at 0.25 T and minimum at 0.4 T). The contribution of non-equilibrium PIRO is clearly shifted by phase with respect to the other contributions. This shift leads to a partial compensation of different contributions, which reduces the influence of microwaves on magnetoresistance.
The effect of microwaves of a smaller frequency, 50 GHz, is illustrated in Fig. 2 . The magnetoresistance is considerably changed only in the low-field region. These changes are similar to those in Fig. 1 : PIRO peaks are either enhanced or inverted by microwaves. Again, the inelastic mechanism contribution is weakly modified by electron-phonon interaction, while the displacement mechanism contribution is strongly modified by this interaction and shows numerous oscillations related to interference of PIRO with MIRO. The non-equilibrium PIRO contribution is smaller than the others. The relative decrease of this contribution with lowering frequency also follows from Eqs. (63) and (41) .
The calculations demonstrate that the displacement mechanism of MW photoresistance is much stronger influenced by electron-phonon interaction than the inelastic mechanism. This property is understood from Eq. (63) showing that the relative contributions caused by phonons for these two mechanisms are determined by the ratios |ν 
With increasing temperature, when electron-phonon scattering gets stronger and the rates ν ratio |ν c2 ph |/ν * im becomes comparable to unity and the displacement mechanism contribution is considerably modified by this scattering. This corresponds to the temperature chosen for the calculations. Further increase in temperature leads to an interesting situation when the amplitudes of ν c2 ph become much larger than ν * im , so the displacement mechanism of MW photoresistance is dominated by electron-phonon scattering.
It is worth noting that at low temperatures (T ≃ 1 K), when phonon-assisted contributions are yet frozen out, the inelastic mechanism is parametrically stronger 8, 9 than the displacement one, because of large value of τ in . However, in the samples of very high mobility, like those investigated in Ref. 17 , the contribution of the displacement mechanism experimentally proves to be important 12 starting from T = 2 K. According to estimates, at this temperature the product τ in ν tr im determining the strength of inelastic mechanism is smaller than unity. As follows from Eq. (63), the parameter τ in ν tr im also determines the relative strength of phononassisted contribution in the inelastic (third) term compared to the similar contribution in the displacement (second) term. Therefore, in the temperature region when phonon-induced oscillating contributions to resistivity become thermally activated (T > 2 K), their relative influence on the MW photoresistance via inelastic mechanism is already suppressed. In particular, at T = 6 K a strong inequality,
allows one to neglect the phonon-induced oscillating photoresistance due to inelastic mechanism. For the samples of moderate mobility (∼ 10 6 cm 2 /V s), the applicability of Eq. (68) requires higher temperatures. Nevertheless, in the low-temperature region (τ in ν tr im > 1) the ratio |ν c1 ph |/ν tr im remains small, and phonon-induced photoresistance due to inelastic mechanism can be neglected in comparison with the impurity-induced photoresistance. Notice also that the condition (68), being applied to nonequilibrium PIRO (the last term in Eq. (63)), allows one to neglect the part which comes from δρ and is proportional to τ in . Thus, under condition (68) one may always ignore the contribution to δρ caused by electron-phonon interaction. In contrast, the non-equilibrium contributions to ρ e caused by this interaction cannot be ignored and are important for evaluation of MW-induced magnetoresistance in 2D systems where PIRO is observed. These contributions are described by the oscillating rates ν The main approximations used in the paper are discussed below in more detail.
The approximation of overlapping Landau levels corresponds to a simplified (single-mode) description of the oscillating density of electron states in contrast to the exact SCBA expression (25) . Though in high-mobility samples separation of Landau levels becomes essential already at B ≃ 0.1 T, this description produces a very good agreement with the calculation based on Eq. (25) (see Ref. 18) for equilibrium oscillating magnetoresistance up to B = 0.4 T. This means that the first PIRO harmonic dominates in the main interval of magnetic fields under consideration, and only the last PIRO peak at B ≃ 0.6 T appears to be slightly sensitive to the shape of the density of states. Besides, regarding a limited validity of the SCBA in the regime of separated Landau levels, the single-mode description proves to be a reasonable choice. It also provides a rigorous justification for introduction of inelastic scattering time necessary for analytical description of inelastic mechanism of photoresistance.
The assumption of weak MW excitation means that only linear terms in the expansion of magnetoresistance in powers of MW intensity are taken into account. First, this implies a neglect of multi-photon absorption processes and formally requires that the argument β of the Bessel function in Eq. (29) must be small for the scattering angles essential in the integration. Since the phononassisted scattering occurs in a broad range of angles, the condition β ≪ 1 is equivalent to P ω ≪ 1 and is satisfied by a proper choice of the MW field strength E ω . Next, the neglect of saturation effect for inelastic mechanism contribution 8,9 requires τ in ν tr im P ω ≪ 1. As shown above, the phonon-induced photoresistance oscillations in highmobility layers are essential at τ in ν tr im < 1, so the neglect of saturation is also satisfied at P ω ≪ 1. Finally, the absence of strong heating, T e /T − 1 ≪ 1, is equivalent to smallness of the right-hand side of Eq. (41) and also can be expressed in terms of smallness of E ω .
Coming back to multi-photon processes, it is worth noting that phonon-assisted multi-photon absorption requires much weaker MW fields than impurity-assisted multi-photon absorption.
The reason is the longrange nature of impurity potential in high-mobility (modulation-doped) structures, which leads to smallangle scattering (θ ≪ 1) and, thereby, effectively smaller β in the impurity term of Eq. (29) . Since the multiphoton processes are thought to be responsible for the phenomenon of fractional MIRO observed at elevated MW intensities, 10,30−35 the above conclusion may be useful for interpretation of relevant experimental data. In particular, a recent experiment 34 shows several highorder fractional resonances in photoresistance when the MW power is still insufficient to produce these features as a result of multi-photon processes under electronimpurity scattering. A consideration of electron-phonon interaction, which enables multi-photon processes at weaker MW power, could possibly explain the data of Ref. 34 (indeed, the high-order fractional features are observed at T = 6.5 K, when phonon-assisted scattering may become important). A more detailed consideration of this problem requires a separate study which is beyond the scope of the present paper.
The neglect of electron-phonon and electron-electron interaction in calculation of the Green's function in Eq. (14) is justified at low temperatures, when the inverse quantum lifetime due to impurity scattering, 1/τ q , is much larger than the corresponding inelastic scattering rates. This leads to temperature-independent density of states characterized by the Dingle factors used in the above calculations. However, while electron-phonon contribution is not essential in a wide temperature range, the contribution of electron-electron scattering to the Landau level broadening cannot be disregarded already at several Kelvin. To take this effect into account, one should replace the Dingle factors d with temperature-dependent functions d(T ) = exp[−π/ω c τ q (T )], where
and the numerical constant λ (usually determined experimentally) is of the order of unity. The reliability of this approach is justified theoretically and proved in numerous works by studying temperature dependence of quantum oscillations in magnetoresistance. 12, 17, 28, 36, 37, 38, 39 The inclusion of temperature-dependent Dingle factors into Eq. (63) leads, in particular, to non-monotonic temperature dependence of PIRO amplitudes, which is also observed in experiments.
17,40
The consideration was done for the case of spatially homogeneous 2D electron system. The effects of a finite size of the sample, in particular, the influence of contacts and edges on the MW photoresistance, have been neglected. This includes, for instance, the neglect of confined magnetoplasmon effects in MW absorption. 41 The problem of magnetoresistance under inhomogeneous MW field distribution appears to be even more important. The observed insensitivity of MIRO to the sense of circular polarization, 42 the absence of MIRO in contactless measurenents, 43 and calculations of the field distribution in 2D systems with metallic contacts 44 suggest possible near-contact origin of MIRO phenomenon in highmobility layers. This means that, owing to large MW field gradients in the vicinity of contacts, there may exist an additional (caused by near-contact regions) oscillating contribution to resistivity 44 which exceeds the contribution caused by uniform MW field in the bulk of the layer. The nature of the assumed near-contact oscillating contribution remains unclear, and its theoretical description is currently missing. Further investigation of this problem is necessary. In the meanwhile, any extension of theoretical knowledge about MW-induced response based on bulk properties of 2D electron gas is important and may help to uncover the exact nature of MIRO.
In summary, a theoretical study of the effects of continuous MW irradiation on the magnetoresistance of 2D electrons interacting with impurities and acoustic phonons is presented. The main subject of the study was the quantum oscillations of resistivity caused by the scattering-assisted electron transitions between different Landau levels. In the absence of microwaves (in equilibrium), there is only one kind of such oscillations (PIRO) owing to electron-phonon scattering. When MW radiation is applied, the transitions between Landau levels can occur with absorption or emission of MW quanta, either under elastic scattering by impurities or under inelastic scattering by acoustic phonons. The concept of microscopic mechanisms of MW photoresistance (displacement and inelastic mechanisms), previously developed for the case of electrons interacting with impurities, applies to both these kinds of transitions. The impurity-assisted transitions are responsible for the oscillations (MIRO) whose 1/B periodicity is determined solely by the MW frequency ω. The phonon-assisted transitions lead to more complicated oscillations which are described as a result of PIRO-MIRO interference. It is demonstrated that such oscillations are attributed mostly to the displacement mechanism. Finally, heating of electron system by microwaves gives rise to an additional phonon-induced oscillating contribution, denoted here as non-equilibrium PIRO, which is shifted by phase with respect to equilibrium PIRO. This contribution is not related to specific features of MW excitation and appears also when electron system is heated by a dc field. Accounting for all the oscillating contributions leads to a peculiar magnetoresistance picture that should be observable in highmobility 2D layers if the temperature is high enough so the electron-phonon scattering is not frozen out. Some relevant examples are given in Figs. 1 and 2 .
One of the primary goals of this work was to emphasize the importance of electron-phonon interaction in description of the microwave-induced oscillating magnetoresistance. The author believes that the results and conclusions of this research will be useful for better understanding of existing experimental data and may stimulate further experiments and theoretical studies.
